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The mass of the graviton can be generated using a Brout-Englert-Higgs mechanism with four
scalar fields. We show that when one of these fields is costrained as in mimetic gravity, the massive
gravity obtained is ghost free and consistent. The mass term is not of the Fierz-Pauli type. There
are only five degrees of freedom and the sixth degree of freedom associated with the Boulware-Deser
ghost is constrained and replaced by mimetic matter to all orders. The van Dam-Veltman-Zakharov
discontinuity is also absent.
PACS numbers: 04.50.Kd, 11.10.Ef, 11.30.Cp, 95.35.+d
In [1] we have proposed an alternative formulation of
gravity explicitly isolating the scale factor in the physical
metric gµν by rewriting it as
gµν = g˜µν
(
g˜κλ∂κφ∂λφ
)
, (1)
where g˜µν is some auxiliary metric and φ is a scalar field.
It follows from (1) that φ must obey the constraint
gµν∂µφ∂νφ = 1. (2)
Considering g˜µν as a fundamental variable in the
Einstein-Hilbert action we find that Einstein equations
are modified to
Gµν − Tµν − (G− T )∂µφ∂νφ = 0, (3)
where Gµν and Tµν are, respectively, the Einstein tensor
and the energy-momentum tensor for matter. We use
the units in which 8piG = 1. The trace part of equation
(3) vanishes identically as a consequence of scale invari-
ance g˜µν → Ω2µν g˜ for the auxiliary metric g˜µν in equation
(2). As a result the modified Einstein equations (2) and
(3) have an extra solution even in the absence of matter
which could mimic cold dark matter in our Universe. As
it was noticed in [2] this mimetic gravity is fully equiv-
alent to Einstein gravity with the extra constraint (2)
implemented in the action using a Lagrange multiplier.
The field φ can be taken in the synchronous coordinate
system, solving constraint (2), as time coordinate. It be-
comes dynamical only when combined with the longitu-
dinal mode of gravity. The proposed model does not only
give a plausible explanation for the origin of dark matter
but also provides a new approach to resolve singulari-
ties in General Relativity [3]. Moreover, the appearance
of the constrained field φ has found a justification in the
noncommutative approach to the quanta of geometry [4].
In this letter we will consider the theory of mimetic
massive gravity and show that this theory is ghost free
to all orders and describes the massive graviton with five
degrees of freedom which are completely decoupled from
mimetic matter in the linear approximation.
The simplest way of giving mass to the graviton with-
out explicitly spoiling diffeomorphism invariance, reflect-
ing the freedom in the choice of coordinate system, is
by employing the Brout-Englert-Higgs mechanism with
four scalar fields φA, A = 0, 1, 2, 3 [5, 6]. In Minkowski
space-time the broken symmetry phase,〈
φA
〉
= δAµ x
µ = xA, (4)
is degenerate with respect to a vacuum choice up to
Poincare transformations. For small perturbations of the
fields
φA = xA + χA, (5)
the three scalars χi are absorbed to give mass to the
graviton, while the fourth field χ0 leads to a ghost, un-
less the mass term in the Lagrangian is taken to be of
the Fierz-Pauli form [7] where this ghost is not excited
at the linear level. However, generically, it reappears as
a nonlinear Boulware-Deser ghost on non-trivial back-
grounds [8]. The idea we put forward in this letter, is to
use as one of the four fields, needed for providing mass
to the graviton, the mimetic field φ ≡ φ0. Because this
field is constrained to be always in the broken symmetry
phase the dangerous degree of freedom is thus replaced
by dark matter and the ghost is avoided to any order in
perturbation theory. As we show below the mass term in
this case must be necessarily taken to be different from
Fierz-Pauli type.
In massive gravity a central role is played by the in-
duced metric perturbations
h¯AB = gµν∂µφ
A∂νφ
B − ηAB, (6)
the components of which are scalars under diffeomor-
phism transformations. We will raise and lower capital
indices with the help of the auxiliary Minkowski metric
2ηAB = (1,−1,−1,−1), so that, for example, h¯ ≡ h¯AA =
ηABh¯
AB.
We consider the theory with action
I =
∫
d4x
√
g
(
−1
2
R+
m2
8
(
1
2
h¯2 − h¯ABh¯AB
)
+λ
(
gµν∂µφ
0∂νφ
0 − 1)) , (7)
where the last term accounts for the mimetic origin of φ0
and the mass term has relative coefficient 1
2
between h¯2
and h¯ABh¯AB in distinction from Fierz-Pauli term where
this coefficient is 1. The reason for this choice will become
clear later. The equations of motion are obtained, first
by varying with respect to δgµν :
Gµν = −m
2
8
(
1
2
h¯2 − h¯ABh¯AB
)
gµν + λ
(
2∂µφ
0∂νφ
0
)
+
m2
2
(
1
2
h¯∂µφA∂νφ
A − h¯AB∂µφA∂νφB
)
, (8)
and next with respect to δφA:
∇µ
(
m2
(
1
2
h¯∂µφA − h¯AB∂µφB
)
+ 4λδ0A∂µφ
0
)
= 0.
(9)
Varying with respect to δλ gives:
h¯00 = 0. (10)
Let us consider small perturbations around Minkowski
background, gµν = ηµν + hµν and φ
A = xA + χA, and
linearize the above equations in hµν and χ
A keeping in
mind that λ is of first order in perturbations. In equation
(10) we first set A = 0 to get
∂0λ− m
2
4
(
∂ρh¯ρ0 − 1
2
∂0h¯
)
= 0, (11)
and then A = k to obtain
m2
(
∂ρh¯ρk − 1
2
∂kh¯
)
= 0. (12)
The linearized Einstein tensor in hµν is equal to
Gµν (hρσ) = −1
2
(
∂2hµν − ∂µ∂ρhρν − ∂ν∂ρhρµ + ∂µ∂νh
)
+
1
2
ηµν
(
∂2h− ∂σ∂ρhρσ
)
, (13)
where ∂2 ≡ ∂µ∂µ ≡  and h ≡ ηµνhµν . To first order in
perturbations
h¯AB = δAµ δ
B
ν h
µν + ∂AχB + ∂BχA, (14)
where hµν = gµν − ηµν . Because gµσgσν = δµν it follows
that in linear order hµν = −ηµσηνρhσρ. Now keeping
in mind that capital indices are moved with Minkowski
metric ηAB and replacing them by Greek indices from
(14) we find that
hµν = −h¯µν + ∂µχν + ∂νχµ. (15)
Substituting (15) in (13) we find that all χ terms can-
cel and hence Gµν(hρσ) = −Gµν(h¯ρσ), that is the lin-
earized Einstein tensor can be expressed entirely in terms
of gauge invariant variables h¯ρσ as it must be. Then tak-
ing into account that h¯00 = 0 due to constraint (10) the
linearized Einstein equations take the form
G00
(−h¯ρσ) = 2λ+ m2
4
h¯, (16)
G0i
(−h¯ρσ) = −m2
2
h¯0i, (17)
Gij
(−h¯ρσ) = −m2
2
(
h¯ij − 1
2
ηij h¯
)
, (18)
where Gµν(−h¯ρσ) are given in (13) with hρσ replaced
by −h¯ρσ. It is easy to see that equations (11) and (12)
follow from the ten equations (16), (17), (18) as a con-
sequence of Bianchi identities ∂µGµν = 0. Ten equa-
tions are enough to determine all ten unknown variables
λ, h¯0i and h¯ij (recall that h¯00 = 0 due to mimetic con-
straint). Let us start with i − j equations and first sim-
plify Gij(−h¯µν). Using equation (12) we find that
∂i∂
ρh¯ρk + ∂k∂
ρhρi = ∂i∂kh¯, (19)
and
∂σ∂ρh¯ρσ = ∂
0
(
∂ρh¯ρ0
)
+∂k
(
∂ρh¯ρk
)
=
1
2
∂2h¯+
4λ¨
m2
, (20)
where we have used (11) to express ∂ρh¯ρ0 in terms of h¯
and λ and dot denotes time derivative. Taking this into
account the i − j equations (18) become
∂2h¯ij−ηij
(
1
2
∂2h¯− 4λ¨
m2
)
= −m2
(
h¯ij − 1
2
ηij h¯
)
. (21)
It immediately follows from (21) that the traceless part
of spatial metric components
h¯Tij ≡ h¯ij −
1
3
ηij h¯, (22)
satisfy the wave equation(
+m2
)
h¯Tij = 0, (23)
which describes the massive graviton with five degrees of
freedom. The 0− 0 equation (16) gives
∆h¯+ ∂i∂j h¯ij = 4λ+
m2
2
h¯, (24)
where △ = −∂i∂i, when combined with (22) allows us to
express h¯ just in terms of λ and h¯Tij
h¯ = 6
(
∂i∂j h¯Tij − 4λ
3m2 − 4△
)
. (25)
3Substituting this expression into the trace of equation
(21),
(
+m2
)
h¯− 24
m2
λ¨ = 0, (26)
and taking into account that h¯Tij satisfy (23) we obtain
the equation which describes mimetic matter
λ¨+
m2
4
λ = 0. (27)
Finally to determine h¯0i we need 0−i Einstein equations.
To simplify them we use equation (11) to express ∂i∂
ρh¯ρ0
in (13) in terms of h¯ and λ. As a result equation (17) takes
the form
∆h¯0i + ∂0∂
kh¯ki + ∂0∂i
(
4
m2
λ− 1
2
h¯
)
= m2h¯0i, (28)
from which, using (25) and (22), one gets
h¯0i =
∂0∂
kh¯Tki
m2 −∆−
∂0∂i
m2 −∆
(
∂l∂mh¯Tlm
3m2 − 4△
)
+
16∂0∂iλ
m2 (3m2 − 4△) .
(29)
Thus we have found that massive mimetic gravity de-
scribes a massive graviton characterized by the traceless
part of h¯Tki obeying equation (23) and mimetic matter
described by λ, which satisfies (27). The remaining vari-
ables h¯ and h¯0i are entirely expressed in terms of h¯
T
ki and
λ (see (25) and (29)). Mimetic matter is modified and
instead of being imitating dust behaves like particles at
rest (with zero momentum) of mass equal to half of the
graviton mass. In the models of massive gravity usually
considered with Fierz-Pauli mass term, corresponding to
a combination of h¯2− h¯ABh¯AB, Bianchi identities enforce
the vanishing of the perturbations of the scalar curvature
δR = 0. In turn this leads to vDVZ discontinuity [9],
which is resolved only after taking into account the non-
linear corrections [10]. In our case the Bianchi identities
impose conditions (11) and (12) which are similar to the
harmonic gauge choice, although here these equations are
gauge invariant and do not depend on a coordinate sys-
tem. Therefore, vDVZ discontinuity is already absent at
the linear level. In other models considered before, the
mass term we used leads to a ghost mode, which is man-
ifested by the dynamics of the h00 metric component in
the linear theory. In our theory this mode is constrained
and replaced by mimetic matter, which can also explain
the observed dark matter in the universe. This guaran-
tees that mimetic massive gravity is fully ghost free to all
orders [11]. Moreover, in linear order the mimetic matter
is completely decoupled from the graviton.
To consider the massless limit it is convenient to de-
compose h¯Tki in irreducible pieces with respect to the ro-
tation group SO (3)
h¯Tki =
(
∂k∂i +
1
3
ηki∆
)
S + ∂kVi + ∂iVk + h¯
TT
ki , (30)
where Vi is transverse ∂
iVi = 0 and h¯
TT
ki is not only
traceless but also transverse ∂ih¯TTki = 0. Thus, the five
degrees of freedom of massive graviton are represented
by one scalar mode S, two vector modes Vi and two ten-
sor modes h¯TTki . In [11] we study the dynamics of these
modes separately and by considering quantum fluctua-
tions show that nonlinear corrections for the scalar and
vector modes become important at the energy scale of
order m1/2. At this scale, they get in strongly coupled
regime and decouple from two transverse degrees of free-
dom of the graviton which become strongly coupled only
at the Planck scale. Thus, at energies above m1/2 the
graviton has only two propagating degrees of freedom.
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